The purpose of this note is to present two elementary, but useful, facts concerning actions on uniformly convex spaces. We demonstrate how each of them can be used in an alternative proof of the triviality of the first L p -cohomology of higher rank simple Lie groups, proved in [1].
Minimal displacement
Let m = inf x∈X d K (x). We say that x ∈ X has minimal K-displacement if d K (x) = m. Lemma 1.1. The set M of points with minimal K-displacement is non-empty closed convex and bounded.
Proof. For any d > m the set C d = {x ∈ X : d K (x) ≤ d} is clearly closed and non-empty, convex since X is BNPC, and bounded since we assume d K → ∞. By [2] , Lemma 2.2 3 (see also [3] ) the intersection ∩ d>m C d = M of bounded closed convex sets is non-empty. Remark 1.2. In case X is a Banach space and G is a non-compact simple Lie group over a local field, and K ⊂ G consists of non-ellyptic elements, one can show that M must be a single point.
Minimal average displacement
Let Ω be a compact set such that KU ⊂ Ω for some open set U ⊂ G. For x ∈ X let E Ω (x) := g∈Ω d(x, g · x) 2 be the averaged squared displacement of x, and let r = inf x∈X E Ω (x). Proposition 2.1. The set P of points p ∈ X with E(p) = r is non-empty closed convex and bounded. Furthermore, if X is a Banach space, P is a singleton. Proof. Since Ω ⊃ U ∪ kU for every k ∈ K, the lemma follows easily from [2] , Lemma 2.3.
Proof of 2.1. It follows that for every d > r the non-empty set A d = {x ∈ X : E(x) ≤ d} is bounded. It is also closed and convex. Thus, as above, one derives that P = A r = ∩ d>r A d is non-empty. Suppose now that X is a Banach space. If P would contain two different points, p 1 , p 2 then, by strict convexity of d → d 2 we would either have E(
2 ) < r or that gp 1 − p 1 = gp 2 − p 2 for all g ∈ Ω which means that p 2 − p 1 is an invariant vector for the associated linear action. In either way we get a contradiction. Suppose now that SL 3 (k) acts by isometries on B = L p (µ) and let B ′ be the subspace of invariant vectors for the associated linear action. It follows that the action of SL 2 (k) on B/B ′ satisfies the assumptions of Sections 1,2. Fix a compact generating set Ω for SL 2 (k) and let p 1 be either the circumcenter of the set M from Lemma 1.1 or the unique minimizing point for the average displacement, Proposition 2.1. p 1 must be fixed by the centralizer A 1 = {diag(λ, λ, λ −2 ) : λ ∈ k} of SL 2 (k). Considering the SL 2 (k) on the right lower corner, one gets a fixed point p 2 for A 2 = {diag(δ −2 , δ, δ) : δ ∈ k}. By the Cartan decomposition, there is a compact group K ≤ SL 3 (k) such that SL 3 (k) = KA + K ⊂ KA 1 A 2 K. Since K is compact it also has a fixed point. Thus the G (= KA 1 A 2 K)−action has bounded orbits, hence a global fixed point.
3.
Finally, note that the exact same argument holds with SL 3 (k) replaced by Sp 4 (k), and the general case follows as any higher rank group contains either a copy of SL 3 or Sp 4 . Again, we refer to [1] for details.
Remark 3.3. U. Bader suggested a third approach, similar to the one from Section 2; Suppose Ω is a relatively compact open generating set. Using the Radon-Nikodym property of UC Banach space one can average along Ω orbits, and obtain an affine operator x → Ω g · x. Using a variant of Lemma 2.2 one shows that, in case there are no asymptotically invariant vectors, this operator has Lipschitz constant < 1, and hence a unique fixed point.
